Abstract. We show that soluble groups G of type Bredon-FP∞ with respect to the family of all virtually cyclic subgroups of G are always virtually cyclic. In such a group centralizers of elements are of type FP∞. We show that this implies the group is polycyclic. Another important ingredient of the proof is that a polycyclic-by-finite group with finitely many conjugacy classes of maximal virtually cyclic subgroups is virtually cyclic. Finally we discuss refinements of this result: we only impose the property Bredon-FPn for some n ≤ 3 and restrict to abelian-by-nilpotent, abelian-by-polycyclic or (nilpotent of class 2)-by-abelian groups.
Introduction
In this paper we study soluble groups G of type Bredon-FP ∞ with respect to the family VC of all virtually cyclic subgroups of G. Bredon cohomology with respect to a family X of subgroups plays a role in studying classifying spaces for families similar to the role played by ordinary cohomology in studying Eilenberg-Mac Lane spaces. A G-CW complex X is said to be a model for a classifying space for a family X of subgroups of G, denoted by E X G, if X H is contractible if H ∈ X and empty otherwise. For the family F of finite subgroups, the classifying space for proper actions, also denoted EG, has received a lot of attention. The classifying space for the family VC, denoted EG, has only recently been looked at [8, 17] . In [8] the following was conjectured: Conjecture 1.1. [8, Juan-Pineda and Leary] Let G be a group admitting a finite model for EG. Then G is virtually cyclic.
In [17] the dimension of the classifying spaces EG for virtually polycyclic groups is given in terms of the Hirsch length and in [5] Bredon cohomological dimension for soluble groups is considered. In this note we shall address the above conjecture purely algebraically by considering finiteness conditions in Bredon cohomology. This is motivated by the fact that a group G has a finite type model for a classifying space with isotropy in a family if and only if the group is of type Bredon-FP ∞ and there is a model for a classifying space with finite 2-skeleton [16] . Finiteness conditions for the family F of all finite subgroups in soluble groups are by now very well understood. Recently it was shown that a soluble group of type FP ∞ is of type Bredon-FP ∞ for the class F [18] and admits a finite model for EG [9] . The proofs there utilised the following description given by Lück [15] : A group G is of type Bredon-FP ∞ with respect to the family F if and only if G has finitely many conjugacy classes of finite subgroups and each centraliser C G (K) of a finite subgroup K is of type FP ∞ . For an algebraic proof of this fact see also [9] . The main result, Theorem 5.1 gives an answer to Conjecture 1.1 for soluble groups. As we will also show, this result can easily be extended to elementary amenable groups.
Theorem 5.1. Soluble groups G of type Bredon-FP ∞ with respect to the class of virtually cyclic groups are virtually cyclic.
In the next section we show a partial analogue to Lück's result for the family of all virtually cyclic subgroups reducing the proof of our main theorem 5.1 to an analysis of centralizers of virtually cyclic subgroups and of conjugacy classes of maximal virtually cyclic subgroups. Part of the proof of Theorem 5.1 reduces then to the study of groups where centralizers of cyclic subgroups are finitely generated. This is not a new problem and some partial answers can be found in the work of J. Lennox [13] . In [12] J. Lennox asked whether a soluble group G is polycyclic if all centralizers of its finitely generated subgroups are finitely generated. A positive answer to this question was given in [13] when G is nilpotent-by-polycyclic and this result was strengthened further by showing that a group G with an abelian normal subgroup A such that G/A is nilpotent and the centralizer (in G) of every element of A is finitely generated, is polycyclic. In the same paper it was also conjectured that the same result holds for abelian-by-polycyclic groups. In Theorem 3.7 we give an affirmative answer of this problem for abelian-by-polycyclic groups G of homological type FP 3 using the recent result that such a group G is nilpotent-by-abelian-by-finite [6] . It is still an open question whether a soluble group G is polycyclic if the centralizer of any element of G is finitely generated.
The final step of the proof of Theorem 5.1 involves conjugacy classes of maximal virtually cyclic subgroups. More precisely we show that if a polycyclic-by-finite group has finitely many conjugacy classes of maximal virtually cyclic subgroups then it is virtually cyclic. We show a more general result: Every nilpotent-byabelian-by-finite group with the maximal condition on virtually cyclic subgroups and finitely many conjugacy classes of maximal virtually cyclic subgroups is virtually cyclic, see Theorem 4.6.
Bredon cohomology with respect to virtually cyclic subgroups
Let us begin this section with recalling a few prerequisites from Bredon cohomology. Here we replace the group G by the orbit category O X G, where, as before, X denotes a family of subgroups of G. The category O X G has as objects the transitive Gsets with stabilizers in X . Morphisms in this category are G-maps. In this note we shall mainly be concerned with the families F of finite subgroups and VC of virtually cyclic subgroups and we write O F G and O VC G for the orbit categories. Modules over the orbit category, or O X G-modules, are contravariant functors from the orbit category to the category of abelian groups. Exactness is defined pointwise: To stay in line with notation previously used, we say a module is of type FP ∞ if it is of type Bredon-FP ∞ with respect to the family of all finite subgroups and is of type FP ∞ if it is of type Bredon-FP ∞ with respect to the family of all virtually cyclic subgroups. We also denote by Z and Z the respective constant modules.
We shall now give a description of groups of type FP n and FP ∞ in terms of cohomological finiteness conditions of centralisers of virtually cyclic subgroups and conjugacy in VC. Let us consider the following two conditions on a group G:
(1) G has the maximal condition on virtually cyclic subgroups (max-vc) and has finitely many conjugacy classes of maximal virtually cyclic subgroups. (2) There are finitely many virtually cyclic groups H 1 , . . . , H n of G such that every virtually cyclic subgroup is subconjugated to one of the H i s. Obviously, (1) implies (2) but the converse is not true in general. We have, however:
Lemma 2.2. If G has property (2) and max-vc then it has property (1).
Proof. We only have to prove that there are finitely many conjugacy classes of maximal virtually cyclic subgroups. But this is obvious as the subgroups H 1 , . . . , H n of condition (2) can in this case be taken to be maximal virtually cyclic. And for any other maximal virtually cyclic T , we have T x ≤ H i for some x ∈ T , some i. Then T x is also maximal virtually cyclic and therefore
The following Lemma is an analogue to [9, Lemma 3.1]
Proof. Let G be of type FP 0 . Then the trivial module Z has a finitely generated free Bredon module mapping onto it. Hence there is a G-finite G-set Ω with virtually cyclic stabilizers and an epimorphism
Now let K be an arbitrary virtually cyclic subgroup of G. Evaluating the above epimorphism at G/K we obtain an epimorphism ZΩ K ։ Z and therefore Ω K is non-empty. Hence K is subconjugated to a representative of the finitely many conjugacy classes of subgroups which have fixed points in Ω. Conversely, if G satisfies condition (2), then we can take Ω = Hi G/H i where H i runs through a set of conjugacy class representatives as above, and the obvious augmentation map
We say a Bredon module M is finitely generated if there is a finite O X G-set Σ in the sense of Lück [14, 9.16, 9.19] such that there is a free Bredon module F on Σ mapping onto M . In particular, a projective Bredon-module P is finitely generated if there is a G-finite G-set Ω with stabilisers in X such that P is a direct summand of
Lemma 2.4. Let P ( ) be a finitely generated projective O VC G-module, and let K be a virtually cyclic subgroup. Then, after evaluation,
Proof. By the remarks above, it suffices to show that for each virtually cyclic group H, the module Z(G/H)
is a finitely generated W K-module. 
Soluble groups
Lemma 3.1. Let Q be a finitely generated abelian group and V be a finitely generated ZQ-module. Then V is finitely generated as an additive group if and only if ZQ/P i is finitely generated as an additive group for every minimal associated prime
Proof. Suppose that ZQ/P i is finitely generated for 1 ≤ i ≤ s, where P 1 , . . . , P s are the minimal associated primes of V . Let I be the annihilator ann ZQ (V ). Then √ I = P 1 ∩ . . . ∩ P s and ZQ/P 1 ∩ . . . ∩ P s embeds in ZQ/P 1 ⊕ . . . ⊕ ZQ/P s via the diagonal map , so ZQ/ √ I is finitely generated as an additive group. Let s be a natural number such that
finitely generated ZQ/ √ I-module, so ZQ/ √ I s and consequently ZQ/I are finitely generated as additive groups. Since V is finitely generated as a ZQ/I-module, V is finitely generated as an additive group. Conversely suppose that V is finitely generated as an additive group. Since ZQ/P 1 ⊕ . . .⊕ ZQ/P s embeds in V it follows that every ZQ/P i is finitely generated. 
Proof. The lemma is obvious if G 2 is normal in G 1 but we cannot assume this. Since N 1 /N 2 is a finitely generated abelian group, it is a direct sum of cyclic groups. Let T be a finite subset of N 1 such that the images of the elements of T in N 1 /N 2 are the generators of the direct cyclic summands. We split T as a disjoint union T = T 0 ∪T 1 , where the images in N 1 /N 2 of the elements of T 0 have finite order and the images in N 1 /N 2 of the elements of T 1 have infinite order. Write T 0 = {t 1 , . . . , t m }, a i is the order of the image of t i in N 1 /N 2 , T 1 = {t m+1 , . . . , t s }. Fix a generating set Y = {g 1 , . . . , g s } of G 2 . Note that every element g of G 1 can be written in a unique way as Let Y | R be a presentation of G 2 that shows it is of type FP 2 i.e. Y is as above, R might be infinite but the coresponding relation module is finitely generated as a ZG 2 -module. Then G 1 has a presentation Proof. We show first that Z(N ) is finitely generated as a group. By assumption G/Z(N ) is of type FP 2 , thus the centre Z(N ) of N is finitely generated as a ZQmodule, where Q acts via conjugation. Let P 1 , . . . , P s be the minimal associated primes for the ZQ-module Z(N ), thus M = ZQ/P 1 ⊕ . . . ⊕ ZQ/P s embeds in Z(N ) as a ZQ-submodule (i.e. if v i is an element of Z(N ) with Ann ZQ (v i ) = P i then M is isomorphic to 1≤i≤s ZQv i ) and we think of M as a submodule of Z(N ). Let a be the element of M whose projection to ZQ/P i is the unity element for every 1 ≤ i ≤ s. By assumption the centralizer C G (a) is finitely generated. Note that N ⊆ C G (a) and define Q 0 = C G (a)/N ⊆ Q. Since C G (a)/Z(N ) is of type FP 2 , Z(N ) is finitely generated as a ZQ 0 -module. Since ZQ 0 is Noetherian, every ZQ 0 -submodule of Z(N ) is finitely generated. In particular M is finitely generated as a ZQ 0 -module. Since Q 0 acts trivially on a we deduce that Q 0 acts trivially on M . Thus M is finitely generated as an additive abelian group and by Lemma 3.1 Z(N ) is finitely generated.
We prove the theorem by induction on the nilpotency class of N . We aim to prove that the assumptions of the theorem hold for the quotient group G = G/Z(N ) and then the proof can be completed by induction. Write g for the image of g ∈ G in G and define N = N/Z(N ). For some fixed g ∈ N define the homomorphsim
that sends n to [n, g]. Note that Ker(ϕ) = C N (g)/Z(N ) and that C N (g)/Ker(ϕ) is a subgroup of Z(N ), hence is a finitely generated abelian group. Then G 0 = C G (g) has a filtration of subgroups
Let N 2 = C N (g)/Z(N ) and N 1 = C N (ḡ), so N 1 /N 2 is finitely generated and abelian. Then by Lemma 3.2 G 1 is of type FP 2 . Since G 1 is normal in G 0 and G 0 /G 1 is finitely generated abelian, G 0 is of type FP 2 .
By assumption the image of C G (g) in any quotient of G/Z(N ) is of type FP 2 . Then the above argument applied for the images of the groups G 2 , G 1 , G 0 , N 1 , N 2 in a quotient of G/Z(N ) shows that the image of G 0 in any quotient of G/Z(N ) is of type FP 2 . Thus we can apply the inductive argument for G/Z(N ) and deduce that G/Z(N ) is polycyclic. Proof. Every metabelian quotient of a group of type FP 2 not containing non-cyclic free subgroups is of type FP 2 [4] . Then the previous theorem applies.
There are known examples of groups G that are split extensions of a nilpotent of class 3 group N by a finite rank free abelian group Q such that G is finitely presented, Z(N ) = Z(G) is infinitely generated as a group and thus G/Z(N ) is not of type FP 2 [1] . Though these examples show that the first condition of Theorem 3.3 is quite restrictive, at the same time these examples do not satisfy the second type conditions about the centralizer, i.e. there is an element g ∈ N such that C G (g) is not even finitely generated. Proof. This follows directly by [2, Thm. 4] and the classification of soluble FP ∞ groups as constructible [10] , [11] . Corollary 3.6. Let G be a soluble group of type FP ∞ such that the centraliser
Proof. It follows directly from Theorem 3.3 and Lemma 3.5.
In the following theorem a stronger condition on G is imposed at the expense of relaxing the conditions on the centralizers. Note that we have not included that every quotient of G is of type FP 3 but this holds by one of the main results of [6] . Proof. We aim to prove that A is finitely generated as a group. We view A as a ZH-module with H-action induced by conjugation, where H = G/A. By [6] G is nilpotent-by-abelian-by-finite. By going down to a subgroup of finite index we can assume that G is nilpotent-by-abelian, so the commutator H ′ acts nilpotently on A i.e. there is some natural number s such that AΩ s = 0 where Ω is the augmentation ideal of ZH ′ . Then A has a filtration of ZH-modules
where H ′ acts trivially on A i /A i+1 via conjugation i.e. A i /A i+1 is a ZQ-module, where Q = H/H ′ . Since A is a finitely generated module over a Noetherian ring ZH, we have that every A i /A i+1 is a finitely generated as a ZQ-module.
Suppose that A i+1 is finitely generated as an additive group. We will prove that A i is finitely generated as an additive group. We follow the method used in the proof of Theorem 3.4. Let P 1 , . . . , P s be the minimal associated primes for the
Letã be the element of M whose projection to ZQ/P j is the unity element for every 1 ≤ j ≤ s and a be a preimage ofã in A. Note that A ⊆ C G (a) and define H 0 = C G (a)/A ⊆ H. Since C G (a) is finitely generated A is finitely generated as a ZH 0 -module, so A i /A i+1 is finitely generated as a ZQ 0 -module and so M is finitely generated as a ZQ 0 -module, where
. By the choice of a we get that Q 0 acts trivially on M , thus M is finitely generated as an additive group and by Lemma 3.1 A i /A i+1 is finitely generated as an additive group.
Conjugacy classes
Let T and G be groups with T acting on G. We consider the following condition:
(1T) G has the maximal condition for virtually cyclic subgroups (max-vc) and only finitely many T -orbits of maximal virtually cyclic subgroups. If G = T acts on itself by conjugation, then (1T) is equivalent to condition (1) of Section 2. Note also that max-vc is subgroup closed and that for any x ∈ T and any H ≤ G maximal virtually cyclic, the group H x is also maximal virtually cyclic.
be an integer polynomial. There are infinitely many primes p such that there exists an integer n p with p|h(n p ).
Proof: Consider prime factors of h(n) when n ∈ Z. If we had only a finite set {p 1 , . . . , p r }, then for each i let n i such that
Note that for any m with
So we may choose m big enough so that h(m) has some other prima factor q not in the finite set above.
Lemma 4.2. Let A be an abelian group and T be an infinite cyclic group acting on A. Suppose A has property (1T). Then A is finite.
Proof. Note first that the condition (1T) implies that the order of the torsion elements of A is bounded. Therefore there are only finitely many primes p for which the p-primary component of A is non-trivial, so by splitting A in its torsion free part and its p-primary components we may assume A is either torsion free or that all its elements have p-power order for a fixed prime p. If we denote a 1 , . . . , a s for representatives of the T -orbits of maximal cyclic subgroups in A, then there is an epimorphism
and each ZT a i ≤ A has also (1T), so we may assume
for certain ideal I ⊳ ZT. Let mZ = I ∩ Z (the assumption above implies that m is either 0 or a power of p). As A = ZT /I has only finitely many T -orbits of maximal virtually cyclic subgroups, I = mZT . Therefore we may choose some polynomial
of minimal degree k where t is a fixed generator of T . Note that k > 0. Then the family {1, t, t 2 , . . . , t k−1 } yields a maximal independent subset of the quotient A = ZT /I. Therefore A has finite Prüfer rank so max-vc implies that it is a finitely generated abelian group. In the torsion case we get the result so from now on we assume A is torsion free.
There is a principal ideal I 1 ⊳ ZT such that I ≤ I 1 and I 1 /I is torsion. Indeed I ⊗ Z Q is an ideal of the principal ideal domain QT , hence is generated by some element h(t). In fact h(t) can be chosen to be a primitive polynomial in the variable t. A localisation version of Gauss' lemma implies ZT ∩ (QT h(t)) = ZT h(t), and we can define I 1 = ZT h(t). So our assumption that A is torsion free implies that I = ZT h(t). Now, by Lemma 4.1 there is an infinite set of primes Ω such that for each p ∈ Ω there exists an integer n p with t − n p |h(t) mod p.
Any of the elements t − n p + I generates a maximal cyclic subgroup of A. So our assumption on A implies that there are only finitely many T -orbits between them. And therefore there are only finitely many distinct ideals in the set
Moreover,
is finite so there are only finitely many maximal ideals containing some ideal in the set above. But for each prime p ∈ Ω,
which is a maximal ideal and obviously M p = M q for p = q. This is a contradiction.
From now on let G = T act on itself by conjugation and we shall consider the conditions (1) and (2) of Section 2. Proof. By Lemma 4.3 we may assume that G/N is torsion free. Note that for anȳ C =<x >≤ G/N maximal cyclic we may choose an x ∈ G with xN =x and a maximal virtually cyclic C x of G with x ∈ C x . And C g x = C y implies x g N = yN. Therefore there are finitely many conjugacy classes of maximal cyclic subgroups of G/N . As this is torsion free abelian we deduce that G/N is cyclic. Proof. For any N ≤ C ≤ G such that C/N is virtually cyclic, C itself is virtually cyclic. This yields the result. Theorem 4.6. Let G be finitely generated nilpotent-by-abelian-by-finite with property (1) . Then G is virtually cyclic.
Proof. By Lemma 4.3 we may assume G is nilpotent-by-abelian. Let N ⊳ G be nilpotent with G/N abelian. As T = G/N is finitely generated by Lemma 4.4 it must be cyclic. Let A = Z(N ). Then G/A acts on A and N/A is in the kernel of the action. Moreover the condition (1) implies that A has property (1T) with respect to the group T = G/N . So by Lemma 4.2 A must be finite. And Lemma 4.5 implies that G/A also has (1) so an induction on the nilpotency length of N yields the result.
Corollary 4.7. Let G be an abelian-by-polycyclic-by-finite group of type FP 3 and with property (1) . Then G is virtually cyclic.
Proof. By [6] abelian-by-polycyclic groups of type FP 3 are nilpotent-by-abelian-byfinite and we can apply the previous Theorem.
Corollary 4.8. Let G be polycyclic-by-finite group with property (2) . Then G is virtually cyclic.
Proof. As G is polycyclic-by-finite, it has max and hence max-vc. Therefore by Lemma 2.2 G has (1) so it suffices to apply the previous Theorem. We shall conclude with a remark on virtual notions. Let C be a class of groups. We say a group is virtually C if G has a finite index subgroup belonging to C. Lemma 5.6. Let G 1 be a group of type FP n , n ≥ 0. Then any subgroup G of finite index in G 1 is of type FP n .
The main results
Proof. Any O VC G 1 -projective resolution of Z can be viewed as an O VC G-projective resolution. We therefore need to show that every finitely generated O VC G 1 -projective is finitely generated as O VC G-module. This reduces to showing that Z[ , G 1 /K] is a finitely generated O VC G-projective for all virtually cyclic subgroups K of G 1 . G 1 /K viewed as a G-set is the G-finite set Ω = ⊔G/G ∩ K x −1 , where x runs through a set of representatives of the finite number of cosets of G in G 1 .
Remark 5.7. In the statements of Theorem 5.1 through to Corollary 5.5 above we can let G be virtually-C, where C stands for soluble, abelian-by-nilpotent, (nilpotent of class 2)-by-abelian or abelian-by-polycyclic respectively.
As mentioned in the introduction, we can also strengthen Theorem 5.1 to apply to the class of elementary amenable groups: Proof. These groups are of type FP ∞ by 2.6 and hence have finite Hirsch length and a bound on the orders of their finite subgroups [11] . Combining this with [7] , we might assume that the group is virtually soluble. Now apply Lemma 5.6.
